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Abstract 
The harmonious chromatic number of a graph G, denoted by h(G), is the least number of 
colors needed to color the vertices of G in such a way that adjacent vertices are colored by 
different colors and any two distinct edges receive different color pairs. D. Johnson has shown 
that the problem of determining h(G) is NP-hard. In this paper, we determine the exact value 
of the harmonious chromatic number of a complete binary tree, 
1. Introduction 
Let G be a finite simple graph with edge set E(G). The harmonious chromatic 
number of G, denoted by h(G), is the least number of colors needed to color the 
vertices of G in such a way that any two adjacent vertices are colored by different 
colors, and any two distinct edges have different color pairs (here, a color pair for the 
edge e = uv is the pair of  colors used to color u and v). 
The harmonious colorings have been studied in the papers [1-8]. Mitchem [8] ob- 
tained the exact value of the harmonious chromatic number of a path, cycle, and 
complete t-ary tree with 3 levels, in general, finding h(G) of a graph G is difficult. In 
fact, Johnson (see the appendix in [3]) proved that the problem of determining h(G) 
is NP-hard. Let Bn denote the complete binary tree with n levels. We showed in [6] 
that h(B2r+l ) ~< k(B2r+ 1 ) + 2 and h(B2r) ~< 3 • 2 r -  1 _ 2 ~-4 + 2, where k = k(G) denotes 
the smallest integer such that (~)i> le(G)l. The above results, though greatly improve 
those in [8], are merely upper bounds for h(Bn). Our aim in this paper is to determine 
the exact value of h(Bn). It is apparent hat h(G)>~k(G) for any graph G. In this 
paper, we establish the following result. 
Theorem. For n/> 5, h(Bn) = k(Bn). 
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2. The case when n is odd 
In this section, we shall prove our main result for the case when n is odd. Mitchem 
[8] proved that k(B2r+l ) = 2 r+l + 1. Thus, we need only to show a harmonious coloring 
of B2r+l with 2r+lq - 1 colors. The harmonious coloring of B5 with 23-t - 1 colors is shown 
in Fig. 1, where the letter 'a '  stands for a special color. Thus, h(Bs) = 9 = k(Bs). 
Given a harmonious coloring 0 of a graph G, its disadjacent graph is the graph 
whose vertex set is the set of colors used in 0 and two vertices are adjacent iff the 
two corresponding colors do not form a color pair for any edge in G. For instance, the 
disadjacent graph excluding the isolated vertices of the coloring of Fig. 1 is shown in 
Fig. 2. 
We note that, in Fig. 1, the colors used to color the vertices at the top level of  B5 
are 1, 2 . . . .  8, and each color is used twice. 
We now construct a harmonious coloring for B2r+l by induction. Suppose we have a 
harmonious coloring of B2~-I with colors 1, 2 . . . . .  2 ~ and a special color 'a '  such that 
the vertices at the top level are colored with colors 1, 2 . . . . .  U,  and each color is used 
2 ~-2 times. We further assume that the disadjacent graph of the coloring contains a 
subgraph as shown in Fig. 3, where {Cl, c2, c3, ca} C{1, 2, . . . ,  2 r} and Cl is the color 
used to color the root of B2r-l. 
Take two copies H1 l and H 1 of B2r-l. Color H11 as B2r-1 was originally colored. We 
color H21 as follows. I f  a vertex of H 1 is colored with number n, color the corresponding 
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Fig. 1. The harmonious coloring of Bs. 
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C2 
Fig. 4. 
vertex of H i with color n + 2r; if a vertex of H i is colored with the special color 'a ' ,  
let the corresponding vertex of H21 also have color a. Now form B2~+l from (i) H1 t 
and H21, (ii) a new vertex which is adjacent to the two roots of H 1 and H21, and 
(iii) 2 2r new end-vertices which are grouped into pairs so that the vertices in each 
pair are adjacent o one and only one end-vertex in H1 a or H21. Divide {1, 2 . . . . .  2 r} 
equally into two sets S~ and S~ such that {Cl, ¢2) ~ S 1 and {¢3, c4} C S~. Write Ti I = 
{c + 2~1¢ E S)} for i = 1, 2. We now assign Ti 1 to the 2 r end-vertices adjacent to 
the vertices colored with a number in S/1 for i = 1,2; assign S~ to the end-vertices 
adjacent o a number of 7"21, and assign S~ to the ones adjacent o a number of/'11. 
We finally color the root, which is crucial. Note that the coloring of H i possesses 
a disadjacent graph isomorphic to that of Fig. 3, and the root of H21 is colored with 
cl + 2 ~. Now, we use color c3 to recolor the end-vertex colored with Cl + 2 ~ and 
adjacent to c2, and use color Cl + 2 ~ to recolor the end-vertex colored with c3 and 
adjacent o c2 + 2 r. Then use c2 to color the root of B2~+1. This gives a harmonious 
coloring of B2~+1 with 2 ~+1 + 1 colors. Thus, h(B2r+l ) = 2 ~+l + 1 = k(B2r+l). Besides, 
the vertices at the top level are colored 1, 2 . . . . .  2 ~+1, and each number is used 2 ~-1 
times. The disadjacent graph of this coloring of B2r+l contains a subgraph as shown 
in Fig. 4, where c~ = ci + 2 ~. 
Take two copies /-/12 and H22 of B2r+l. Color them respectively with 1,2 . . . . .  2 r+l 
and 'a ' ,  and with 2 r+l q- 1 , . . . ,U  +2 and 'a '  as we have done before. Then add 2 2~+2 
new end-vertices and a new root to form B2r+3. For i --- 1, 2, denote 
and 
S 2={( i -  1)2 r+ j  ] l~<j~<2 ~} 
Tz={( i+ I )U+j l  1 ~<j~<2r}. 
Color the top level of  B2r+3 as how we have done before. There is an end-vertex v of 
H 2 which is colored with c2 + 2 r+l and adjacent to color c~ + 2 r+l. We now adjust 
the coloring of the top level. We use c3 and c4 to color the two end-vertices of B2r+3 
adjacent o v, so that Fig. 5 is the coloring of a subtree of B2r+3. After substituting 'a '  
for c2 + 2 r+l in Fig. 5, we use c4 to color the root of B2r+3. This gives a harmonious 
coloring of B2r+3 with 2 r+2 q- 1 colors. Thus, h(B2r+3) = 2 r+2 + 1 = k(B2r+3). A 
subgraph of the disadjacent graph of  this coloring is shown in Fig. 6. 
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Again take two copies H 3 and H 3 of B2r+3. Then color them and form B2r+5 from 
them as we have done before. For i = 1,2, denote 
and 
$3 = {( i -  1) 2r+1 +J l  l~<J~ <2r+l} 
T3 = {( i+ 1) 2r+1 +J l  1 ~<J~<U+l} • 
Color the top level of B2r+5 as we have done before. Then use color c2 + 2 ~+1 
to recolor the end-vertex colored with c4 + 2 r+2 and adjacent o c3, and use color 
c4 + 2 r+2 to recolor the end-vertex colored with c2 + 2 r+l and adjacent o c3 + 2 ~+2. 
Finally, we use c3 to color the root of B2~+5. The coloring of B2~+5 is harmonious and 
h(Bzr+5) = 2 r+3 + 1 = k(B2r+5). 
It is easy to see that the disadjacent graph of the coloring of B2r+5 contains a 
subgraph as shown in Fig. 7, and satisfies the induction hypothesis. The proof of the 
theorem when n is odd is thus complete. 
3. The case when n is even 
We shall prove, in this section, the main result for the case when n is even. 
Let p = IvY. 2r]. The following result is obvious. 
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Lennna 1. p <~ k(B2r) <~ p d- 1. 
For convenience, we denote by L(k) the kth level of Bn. Let u and v be two vertices. 
u is called the mother of v (or v is a child of u) if u and v are adjacent, and u and v 
are, respectively, in L(k ) and L(k + 1). 
Take B5 and color its vertices in L(4) with 1,2 . . . . .  8. For each vertex in 
L(4) with color 1 or 2, (resp., 3 or 4; 5 or 6; 7 or 8), color its children with 5 
and 6 (resp., 7 and 8; 3 and 4; 1 and 2). Then construct B2r-1, and color L(r + 1), 
. . . .  L (2r -  1) by induction as have done in Section 2. After adding two new 
vertices to each end-vertex of B2r-1, we get B2r with a partial harmonious 
coloring using the numbers of N = {n I l~<n~<2 r} which possesses the following 
properties: 
(1) For 1 <~j<<.r- 1, each number of N is used exactly 2J times in L(r + j ) .  
(2) Every two distinct numbers a,b in N are adjacent once, but both a and b belong 
to the same number of quadruple (4E + 1, 4g + 2, 4g + 3, 4~ + 4). Hereafter, when we 
say 'two colors are adjacent', we mean that there are two adjacent vertices with the 
colors. 
(3) Denote Nj = {(j - 1)2 r-2 +s  I 1 ~<s~<2 r- } for j = 1, 2, 3, 4. For each number 
n in N1 (resp., N2), all the children vertices of the L(2r -  2) vertices with color n 
are colored with N3 (resp., N4), and, for each 
children are colored with N2 (resp., N1). 
Suppose that r I> 3, and let q = k(B2r) - 2 r, 
number in 3/3 (resp., N4), its L(2r - 1) 
t = 2 ~-1 - q and D = {dl, d2 . . . . .  dq}. 
Clearly, 3.2 r-3 < q<~2 r-1 and 0~<t < 2 r-3. We now color the level below L( r+ 1). 
In L(r), for each k with 0~<k~<2 r-  - 1, use dk+l to color the mother of each L(r+ 1) 
vertex colored with 4k + 1 or 4k + 2, and use 4k + 1 to color the mother of 4k + 3 or 
4k + 4. Then use colors d2r-2+l, d2r-2+2 . . . . .  dq, d2r-2+l, d2r-2+2 . . . . .  d2r-2+t to color 
the vertices in L(r - 1) successively. Finally, we can use dl, d2 . . . . .  d2r-2_l to color 
properly the 2 r-2 - 1 vertices below L( r -  1 ). We have now properly colored B2r with 
k(B2r) colors except he top level. 
It is most difficult to color the top level. First we change the colors of some L(2r -  1 ) 
vertices. For each j with 1 ~<j~<2 r-2, remove the number 2 ~-1 + j  from the children 
of the L(2r - 2) vertices colored with numbers t(j - 1) + i (mod2r-2), 1 <~i<~t. 
Meanwhile, use each of the numbers t ( j -  1 )+ i (mod2r-2), 1 <~i<~t, o color a 
child of the vertex in L(2r - 1) which is still colored with 2 r - I  -t-j. Do the same 
thing on the parts of L(2r - 1) colored, respectively, with N1, N2 and N4. Hence, 
keeping the original adjacent relation between the numbers, each number has been 
removed t times from L(2r -  1) and there are t L (2r -  1) children for each number 
whose color has been removed. Next, for each k with 0~<k~<2 r -2 -  1 and j = 1, 2, 3, 
use 4k + 1 + j on a L(2r) child of 4k + j, and use 4k + 2 on a L(2r) child of 
4k + 4. Now, every two distinct numbers are adjacent once and the colored part is 
harmonious. 
We shall now use D to color the uncolored vertices in L(2r -  1). We define the 
order of a color as the number of vertices with that color. 
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Lemma 2. The uncolored vertices in L(2r - 1) can be properly colored with the 
numbers in D in such a way that the maximum order and the minimum order of the 
colors of D used in L (2r -  1 ) differ by at most one. 
Proof. First, we use D to properly color the uncolored vertices in L(2r -  1), keeping 
the order of  any color of  D not exceeding L2rt/q]. Indeed, we shall show that every 
color of  D will be used L2rt/q] times. Suppose, on the contrary, that we have a 
maximum harmonious extension of  our coloring for L(2r - 1) and there is a color 
di E D whose order is less than [2rt/q]. Then there exists an uncolored vertex v in 
L(2r -  1). Suppose the color of  the mother of  v is 'n'. As n is adjacent o at most t+ 1 
elements of  D, there are at least q - t - 1 ( > 2t) available colors of  D which can be 
used to color v. The order of  any available element must be equal to [2rt/q]. Hence, 
there exist rn(# n) and j (#  i) such that d i and dj are, respectively, not adjacent o 
n and m, and a L(2r - 1) child of  m, say u, is colored with dj. Now after recoloring 
u with di, we can use dj to color v. This, however, contradicts the maximality of  our 
extension. 
Suppose that each color of  D is used [2rt/qJ times in L(2r -  1). Only less than q 
vertices in L(2r - 1) are uncolored. A similar argument indicates that we can choose 
distinct colors from D to properly color them. This proves Lemma 2. [] 
Now color the L(2r) children of  D. As the number of  them is 2r+lt(> (q)), it is 
clear that we cannot color them using only the colors in D. However, we have: 
Lemma 3. Using the colors in D, the previous coloring can be properly extended to 
the L(2r) children of D such that any two distinct elements of D are adjacent. 
Proof. Suppose, on the contrary, that we have a maximum extension of  the previous 
harmonious coloring to the L(2r) children of  D using the colors in D and there are 
two distinct elements di, dj in D which are not adjacent. 
We say that an element d of  D is related to the pair (di, dj) if d E {di, dj} or 
if there is a sequence of distinct elements dk0 = d, dk, . . . . .  dks such that a L(2r - 
1) vertex colored with dk, has a child colored with dk,_, for each t = 1,2 .... ,s, 
and a L(2r -  1) vertex colored with di or dj has a child colored with dks. In the 
latter case, observe that if d is related to (di,dj), then dk, .. . .  ,dks are related to 
(d~, di). 
We claim that if d is related to (di, dj), then all the L(2r) children of d have been 
colored. Otherwise, there is a L(2r) child of  d, say v, which is not colored. Then 
recolor the vertices as shown in Fig. 8. (The new colors on L(2r) vertices are shown 
above the original ones.) This extension of  our coloring leads to a contradiction. 
Notice that all the L(2r) children of  the elements related to (di, dj) are colored 
with related elements. Let m be the number of the elements related to (di, dj). Then 
2m[2rt/qJ < (2) '  and so m > 4[2rt/qJ + 1 > 2q- -  14. Since q~>14 when r>~5, we 
obtain a contradiction. This proves Lemma 3. [] 
L(2r)  
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Fig. 8. 
There are yet some uncolored children of  D on the top level. We shall use the 
numbers in N to color them. For each number n, we define its allocation as the 
maximum number of  times that n can be used on the L(2r) children of  D and still 
keeping sufficient elements of D not adjacent o n so that all the L(2r) children of  
n still have the possibility of  being colored. It is easy to see that for each k with 
0 ~< k ~< 2 r-2 - 1, the allocation of  4k + 1 (resp., 4k + 2, 4k + 3, 4k + 4) is t - 1 (resp., 
t , t+ l , t+ l ) .  
Lemma 4. All the L(2r) uncolored children of D can be properly colored with the 
numbers of N such that no number is used more than its allocation. 
Proof. Suppose, on the contrary, that we have a maximum extension of  the previous 
harmonious coloring for the L(2r) uncolored children of  D using the numbers of  N 
no more than their allocations and still there is, say, an uncolored L(2r) child v of  
an element d E D. I f  every number has been used its allocated times on the L(2r) 
uncolored children of  D, then after properly assigning the elements of  D to the L(2r) 
uncolored children of N, we get a partial harmonious coloring of B2r with k(B2r) = 
2 r - q colors such that any two distinct colors are adjacent, which is a contradiction. 
Hence, there is at least a number, say a, not used its allocated times. 
We say that an element d I E D is allowable by the number a if d'  and a are 
not adjacent in the coloring, or if there is a sequence of distinct elements dko = 
d', dk,, dk2 . . . . .  dks such that a L(2r - 1) vertex colored with dk, has a child colored 
with dk,_, for each t --- 1,2 . . . . .  s, and dks and a are not adjacent. Let A be the set of 
the elements allowable by a. The set A possesses the following properties: 
(at) I f  a number, say n, has already appeared in a L(2r) child of  d' E A, then n and 
d are adjacent. Otherwise, we can recolor the vertices as shown in Fig. 9, which is a 
contradiction. Likewise, we have: 
(13) d is not allowable, i.e., d ~ A. 
(y) Any element of D\A cannot be used in any child of  any element of  A. 
Denote C = (D\A)\{d} and m = IAI. 
(8) There are at least ½(q - m - 1)(q - m - 10) children of C which are colored 
with the elements of  D. 
By considering the coloring below L(r), we observe that all the elements of  A, 
except at most 4 of  them, have appeared on the L(2r) children of  d. Hence, there are 
100 
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n dk, dk2 dk~ • • • dk. 
v n d' dk~ • • • dk,_2 
d d'  dk~ dk~ • • • dks_~ 
Fig. 9. 
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at least 2 ~ + m - 3 L2rt/q] - 8 available numbers which can be used in v. Since the 
extension of  the coloring is maximum, each of the available numbers has been used 
its allocated times, i.e., at least t -  1 times. By (a), the available numbers all appear 
in the L(2r) children of C. This, together with (fi), implies that 
(2r + m-  3 l~-~ j - -8 ) ( t - -1 )+ l (q - -m- -1 ) (q+m-- lO)  
~<2(q- -m- -1 )  ( [~]  +1) .  (*) 
The inequality ( . )  is quadratic in m, and it is clear that q - 2t<<.m<~q - 1. Since (*) 
is false when m = q - 1, for deducing a contradiction we only need to prove that (*) 
is also false when m = q - 2t, i.e., to prove that 
(3q-3  12~---ft ] -8 ) ( t -1 )~<(2t -1 ) (2  [2~- - - f t J -q+t+7)  (**) 
cannot hold. 
Putting q = (v~-  1)2r +0 and t = 2 r-1 -q  = ½(3-2v /2)2r -  0, where 0 < 0 < 2, 
we obtain q>>.4t and q>~2[2rt/q]. It thus follows from (**) that 
(6t - 8)(t - 1)~<(2t - 1)(t + 7). 
This is false when t~>7. But t~>10 if r>~7. Thus, Lemma 4 is proved for r>~7. 
When r = 5, we have q = 14,t = 2 and [2rt/q] = 4. When r = 6, we have 
q = 27,t = 5 and [~]  = 11. By substituting these data into (**), we obtain a 
contradiction. Thus, Lemma 4 is proved for r = 5, 6. [] 
Finally, we only need to color the uncolored L(2r) children of N with some elements 
of D. This can be done harmoniously by Lemma 4. 
When r = 3,4, we have t = 0. By using the ideas shown above, a harmonious 
coloring with k(Bzr) colors can be introduced readily. Thus, h(B6) = k(B6) = 12 and 
h(Bs) = k(Bs)  = 24. 
The proof of our theorem is now complete. 
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